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Abstract
Motivated by the work of Abreu and Freitas [1], we study the invariant spectrum of the Laplace
operator associated to hermitian line bundles endowed with invariant metrics over P1.
1 Introduction
Let P1 be the complex projective line and ω a smooth and normalized Kähler form on P1. We denote by
λ1(ω) the first eigenvalue of the Laplace operator defined by ω and acting on smooth functions on P
1.
In [10], Hersch showed that
λ1(ω) ≤ 2.
In [1], Abreu and Freitas studied the invariant spectrum of invariant metrics on P1. Their goal was
to analyze this type of inequality in the invariant setting. We denote by 0 = λ0(ω) < λ1(ω) < . . . the
invariant eigenvalues of the Laplace operator defined by ω. Their first result shows that there is no general
analogue of Hersch’s theorem ([1, theorem 1]). Nevertheless, when they consider the class of invariant
metrics that are isometric to a surface of revolution in R3, they gave an optimal upper bounds for the
invariant eigenvalues associated to this class. Their second result is the following theorem
Theorem 1.1. ([1, Theorem 2]) Within the class of smooth, invariant and normalized Kähler form ω
on P1 and corresponding to a surface of revolution in R3, we have
λj(ω) <
ξ2j
2
j = 1, 2, . . .
where ξj is the
1
2 (j +1)th positive zero of the Bessel function J0 if j is odd, and the
1
2j th positive zero of
J ′0 if j is even. These bounds are optimal.
In [4], Colbois, Dryden and El Soufi considered a more general situation. Namely, the subsequence λGj
of the spectrum of a Riemannian manifoldM which corresponds to metrics and functions invariant under
the action of a compact Lie group G. If dimension of G is at least 1, they showed that the functional λGj
admits no extremal metric under volume-preserving G-invariant deformations, cf. [4, Theorem 1.1]. If,
moreover,M has dimension at least 3, they proved that the functional λGj is unbounded when restricted
to any conformal class of G-invariant metrics of fixed volume, cf. [4, Theorem 1.2]. When M = Sn is
equipped with the standard O(n)-action and we require that the metric to be induced by an embedding
of Sn in Rn+1, they gave an optimal upper bound on λGj , cf. [4, Theorem 1.7]. In particular, this result
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generalizes Theorem 1.1.
Let ω be a smooth and normalized volume form on P1 and h a smooth hermitian metric on the
holomorphic line bundle O(m) over P1 (m ∈ N). We assume that ω and h are invariant under the
standard action of S1. The goal of this paper is the study of the invariant spectrum of the Laplace
operator ∆ω,h defined by ω and h, and acting on the space of smooth functions with coefficients in
O(m). We denote by λ0(ω, h) = 0 < λ1(ω, h) < λ2(ω, h) < . . . the invariant eigenvalues of ∆ω,h. Using
symplectic coordinates, we attach to ω (resp. h) a continuous function gω (resp. hω) defined on [0, 1].
Then our main result is the following theorem
Theorem 1.2. (see Theorem 4.3) Let m ∈ N. Let ω and h be as before. We suppose that 1 <
hω(x)
min(1,2(1−x))m
< 2min(x,1−x)gω(x)
, for any x ∈ [0, 1]. Then
λj(ω, h) <
ξ2m,j
2
, j = 1, 2, . . . ,
where ξm,j is a zero of the function
d
dz (z
−mJ0Jm) such that 0 <
ξ2m,1
2 <
ξ2m,2
2 < . . . and Jm is the Bessel
function of order m. Moreover, these bounds are optimal.
To prove the upper bound for λj(ω) in [1, Theorem 2], the authors used the Rayleigh quotient and
showed that the supremum is attained by the union of two disks of equal area, a singular surface. This
surface corresponds to a singular metric gmax (see [1, p. 225]). Notice also that a similar approach is
used in the proof of Theorem 1.7 in [4].
Let gcan be the function on [0, 1] given by gcan(x) := 2min(x, 1− x), for any x ∈ [0, 1]. This function
corresponds to gmax considered in [1, p. 225] which played an important role, and the metrics in Theorem
1.1 correspond to a set of smooth functions gω on [0, 1] such that 0 ≤ gω < gcan, see Remark 3.5.
Comparing to [1] and [4], our approach for the proof of Theorem 1.2 is different, for instance the
upper bounds correspond to the invariant eigenvalues of a singular Laplacian associated to some metrics
defined uniquely in terms of the geometry of P1. First, we show that gcan (equivalently gmax) defines
a singular volume form ωcan on P
1, and that hm,∞(x) := max(1, 2(1 − x))
m corresponds to a singular
metric on O(m) denoted by ‖ · ‖m,∞. This is done by extending the formalism of symplectic coordinates
to a large class of singular metrics. The proof of Theorem 1.2 is mainly based on the theory of the
singular Laplacians associated to canonical metrics on P1 developped in [9]. We show that the proof
follows easily from the explicit computation of the spectrum of the singular Laplacian defined by ωcan
and hm,∞. In particular, the upper bounds in Theorem 1.1 (that is the case m = 0 in Theorem 1.2) are
in fact the invariant eigenvalues λj(ωcan) of the singular Laplacian associated to P
1 endowed with ωcan.
As a consequence, we recover the previous result of Abreu and Feitas. When m ≥ 1, the upper bound
ξ2m,j
2 is the j th invariant eigenvalue of the singular Laplacian associated to P
1 endowed with ωcan and
O(m) equipped with the metric ‖ · ‖m,∞.
In Paragraph (4.1), we construct (ωµ)µ≥0 (resp. (hωµ)µ≥0) a sequence of smooth normalized volume
forms (resp. smooth metrics) on P1 (resp. on O(m)) such that
lim
µ→∞
sup
x∈[0,1]
gωµhωµ
gcanh∞,m
=∞, and lim
µ→∞
λ1(ωµ, hωµ) =∞.
As mentioned above, the functions gcan and hm,∞ are associated to some singular metrics on line
bundles on P1. These metrics are called the canonical metrics on P1, and they play a crucial role in this
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article. More generally, if X is a projective toric manifold of dimension n, T (≃ (C∗)n) is its associated
torus and L a T -equivariant line bundle on X , then we can attach canonically a continuous hermitian
metric ‖ · ‖L,∞ to L. The metric ‖ · ‖L,∞ is defined uniquely in terms of the combinatorial structure
of X and is called the canonical metric of L. Let p ∈ N≥2, we denote by [p] : X → X the morphism
extending the following morphism T → T, (z1, . . . , zn) 7→ (z
p
1 , . . . , z
p
n). Since L is a T -equivariant line
bundle, we have a natural isomorphism θ : L⊗p ≃ [p]∗L. We can show that ‖ · ‖L,∞ is the unique metric
on L such that θ induces an isometry of continuous hermitian line bundles. Assume that L is generated
by its global sections, then L defines φL, an equivariant embedding into a projective space P
N , and we
can prove that ‖ · ‖L,∞ = φ
∗
L‖ · ‖O(1),∞ , where ‖ · ‖O(1),∞ is the canonical metric of O(1). One can check,
for instance [11, Paragraph 3.3] for more details.
2 Preliminary constructions
We present here a slight generalization of the symplectic coordinates formalism to a large class of singular
Kähler metrics on P1. This will allow us in particular to associate a continuous Kähler form ωcan to
gcan.
We denote by G the set of continuous functions g on [0, 1], positive on ]0, 1[ and verifying g =
gcan +O(gcan) near the boundary of [0, 1]. Using the following transformation x→
1
2g(2x− 1), one can
see that the functions g satisfying the conditions of Theorem 1.1 belong to G and gcan corresponds to
gmax via this transformation. We prove the following result
Theorem 2.1. (see Theorem 3.8) For any g ∈ G, there exists a continuous, normalized and invariant
volume form ω such that gω = g.
Let ω be a continuous and invariant volume form on P1 such that
∫
P1
ω = 1. There exists ‖ · ‖ω, a
hermitian and invariant metric of class C2 on O(1) such that ω = c1(O(1), ‖ · ‖ω). We denote by Ψω the
function on C given by
Ψω(z) := −
i
2π
log ‖1‖m(z), z ∈ C,
and we set Fω(u) := log ‖1‖ω(exp(−u)) for any u ∈ R, where 1 corresponds to the global section x
m
0
and exp(−·) is the following application R → P1, u → [1 : e−u]. Recall that we have a diffeomorphism
R× R2piZ ≃ C
∗, given by (u, θ)→ e−ueiθ. Then on C∗ we have
ω|C∗ = −
1
2π
∂2Fω
∂u2
(u)du ∧ dθ and
∂2Ψω
∂z∂z
(z) =
1
2
e2u
∂2Fω
∂u2
(u). (1)
Let Fˇω be the Legendre-Fenchel transform associated to Fω that is the function given on R by
Fˇω(x) = inf
u∈R
(x · u− Fω(u)),
One shows that Fˇω is concave and Fˇω(x) is finite if and only if x ∈ [0, 1]. We claim that Fˇω is a function
of class C2 on ]0, 1[. Indeed, since Fω is C
2 then the function θ : u→ ∂F∂u defines a C
1-diffeomorphism from
R onto its image (we will show that the image is necessarily equal to ]0, 1[). Let x ∈]0, 1[. Since Fω is
strictly concave then there exists a unique element Gω(x) ∈ R such that Fˇω(x) = xGω(x)− Fω(Gω(x)).
Moreover, since Fω is C
2 then x = ∂Fω∂u (Gω(x)). Thus Gω is the inverse function of
∂Fω
∂u . In particular
we deduce that ]0, 1[ is included in the image of θ. By differentiating the previous identity we obtain
∂Fˇω
∂x (x) = Gω(x) for any x ∈]0, 1[. Since
∫
P1
ω = 1, and using 1 we deduce that ∂Fω∂u (−∞)−
∂Fω
∂u (+∞) = 1,
thus ∂Fω∂u (+∞) and
∂Fω
∂u (−∞) are finite. we conclude that
∂Fω
∂u (+∞) = 0 and
∂Fω
∂u (−∞) = 1 and θ is
3
a C1-diffeomorphism between R and ]0, 1[. We can then consider the following change of coordinates
x = ∂Fω∂u (u). We set
gω(x) := −G
′
ω(x) and gω(x) :=
1
gω(x)
x ∈]0, 1[.
One checks that gω(x) = −
∂2Fω
∂u2 (G(x)), for any x ∈]0, 1[.
We set hω the function on [0, 1] given by
hω(x) := h(1, 1)(e
−Gω(x)), x ∈ [0, 1].
In Corollary 3.9, we show that hω is a continuous function on [0, 1], positive on [0, 1[ such that
limx→1−
hω(x)
(1−x)m exists and positive. Moreover, we prove that any function h satisfying the previous
conditions defines a continuous and invariant hermitian metric on O(m).
3 On the invariant metrics on P1
We denote by [x0 : x1] the homogenous coordinate on P
1 and z = x1/x0 the affine coordinate over the
open subset C = {x0 6= 0}. Let C
∗ be the complex torus acting on P1 as a toric manifold and S1 the
compact sub-torus in C∗.
Let m ∈ N. Let ‖ · ‖ be a continuous hermitian metric on the line bundle O(m) over P1, and we
suppose that ‖·‖ is invariant under the action of S1. To the metric ‖·‖ we associate a continuous function
F‖·‖ defined on R as follows
F‖·‖(u) = log ‖1‖(exp(−u)), u ∈ R
Let ‖ · ‖m,∞ be the following continuous hermitian metric on O(m) given by
‖s‖m,∞(z) =
|s(z)|
max(1, |z|)m
, z ∈ C (2)
where s is a local holomorphic section of O(m). ‖ · ‖m,∞ is called the canonical metric of O(m). This
metric is defined by the structure of P1 viewed as a toric manifold. In fact, we can show that any
equivariant line bundle on a projective toric manifold admits a continuous metric of the same nature
defined uniquely by the combinatorial structure of the manifold (see Paragraph 3.3 of [11] and references
therein).
Remark 3.1. Unfortunately the spectral theory of Laplacians (see for instance [2]) does not hold for
‖ ·‖m,∞, since it is a singular metric. In [8] and [7], we developed a generalized spectral theory for a large
class of singular metrics which includes the case of the canonical metrics on P1.
We have
Fm,∞(u) := F‖·‖m,∞(u) = mmin(0, u), u ∈ R. (3)
We can establish that there exists a bijection between the set of continuous hermitian and invariant
metrics on O(m) and the set of continuous functions F on R such that the function C∗ → R, z →
F (− log |z|) − Fm,∞(− log |z|) extends to a bounded continuous function on P
1 (see for instance [3,
Proposition 4.3.10]).
Example 3.2. Following [5] and [6], the Fubini-Study form ωFS is viewed as the "canonical" Kähler
metric on P1 which is compatible with the standard moment map on P1. We set F0 = FωFS . An easy
computation shows that for any u ∈ R, we have
F0(u) = −
1
2
log(1 + e−2u),
∂F0
∂u
(u) =
e−2u
1 + e−2u
,
∂2F0
∂u2
(u) = −
2e−2u
(1 + e−2u)2
,
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and for any x ∈ [0, 1]
G0(x) = −
1
2
log
( x
1− x
)
, g0(x) = 2x(1− x).
Example 3.3. The second example is a singular volume form defined by the combinatorial structure of
P
1. Notice that TP1 is isomorphic to O(2) then the metric ‖·‖2,∞ (see (2)) induces a continuous volume
form ωcan on P
1. This form is given on C as follows
ωcan =
i
4π
dz ∧ dz
max(1, |z|)4
.
One checks that
∫
P1
ωcan = 1. We consider the following hermitian continuous metric ‖ · ‖can on O(1)
defined as follows
‖s‖2can(z) :=
|s(z)|2
max(1, |z|)2
exp(−k(z)), z ∈ C,
where s is a local holomorphic section of O(1) and k(z) = 12 min(|z|
2, 1|z|2 ), for any z ∈ C. We have the
following result
Proposition 3.4. The metric ‖ · ‖can is positive (i.e the current c1(O(1), ‖ · ‖can) is positive) and
c1(O(1), ‖ · ‖can) = ωcan.
Proof. We have the following equality of currents
c1(O(1), ‖ · ‖can) = c1(O(1), ‖ · ‖1,∞) + [dd
ck]
From [11, Corollary 6.3.5], we have c1(O(1), ‖ · ‖1,∞) = δS1 (the current of integration on S
1). Let f be
a smooth function on P1. We have
[ddck](f) =
∫
P1
k ddcf
=
1
2
∫
|z|≤1
|z|2ddcf +
1
2
∫
|z|≥1
|z|−2ddcf
=
1
2
∫
|z|≤1
fddc|z|2 +
1
2
∫
S1
(dcf − fdc|z|2) +
1
2
∫
|z|≥1
fddc|z|−2
−
1
2
∫
S1
(dcf + fdc|z|−2) by Stockes’ theorem,
=
1
2
∫
|z|≤1
fddc|z|2 +
1
2
∫
|z|≥1
fddc|z|−2 −
∫
S1
fdc|z|2.
Therefore, ∫
P1
fc1(O(1), ‖ · ‖can) =
i
4π
∫
|z|≤1
fdz ∧ dz +
i
4π
∫
|z|≥1
f
dz ∧ dz
|z|4
=
∫
P1
fωcan.
Which concludes the proof of the proposition.
We denote by Fcan the function R → R, u → log ‖ · ‖can(exp(−u)). We have Fcan(u) = min(0, u)−
1
4 min(e
−2u, e2u) for any u ∈ R. Fcan is smooth on R \ {0}. Let x ∈ [0, 1]. Since Fcan is strictly concave
(this is follows from Proposition 3.4), then there exists a unique u ∈ R such that Fˇcan(x) = xu−Fcan(u).
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First, we suppose that u 6= 0, then u satisfies x − ∂Fcan∂u (u) = 0. It follows that , x = 1 −
1
2e
2u if u < 0
and x = 12e
−2u if u > 0. By continuity, we can deduce that Fˇcan is given by the following expression
Fˇcan(x) =
{
− 12x log(2x) +
1
2x if x ∈ [0, 1/2],
− 12 (1 − x) log(2(1− x)) +
1
2 (1− x) if x ∈ [1/2, 1].
We see that Fˇcan is a C
2 function on [0, 1]. Then we let Gcan be the function on [0, 1] given by
Gcan(x) =
dFˇcan
dx (x), for any x ∈ [0, 1]. We have
Gcan(x) =
{
− 12 log(2x) if x ∈ [0, 1/2],
1
2 log(2(1 − x)) if x ∈ [1/2, 1],
We notice that Gcan defines a bijection between ]0, 1[ and R. We set gcan = −G
′
can and gcan =
1
gcan
.
Then
gcan(x) = 2min(x, 1− x), x ∈ [0, 1]. (4)
We set hm,∞ the function on [0, 1] given by
hm,∞(x) := ‖1‖
2
m,∞(e
−Gcan(x)) = min(1, 2(1− x))m. (5)
Remark 3.5. In [1, Section 4], Abreu and Freitas constructed a class of smooth metrics g. These metrics
correspond to closed surfaces of revolution in R3 and they proved that g := 1g is a smooth functions on
[−1, 1] satisfying
g(−1) = g(1) = 0, g′(−1) = 2 = −g′(1) and sup
[−1,1]
|g′(x)| ≤ 2. (6)
Clearly g ≤ gmax, where gmax(x) = 2(1− |x|) for any x ∈ [0, 1]. Let j ∈ N≥1 and λj(g) the j-th invariant
eigenvalue of the Laplace operator defined by g. They showed that λj(g) viewed as a function with variable
g is bounded over the set of smooth and invariant metrics corresponding to surfaces of revolution, see [1,
Theorem 2].
Using the following transformation g[0,1](x) :=
1
2g(2x− 1) for any x ∈ [0, 1] (In particular, gcan(x) =
1
2gmax(2x−1)), we see that the smooth functions g on [−1, 1] satisfying (6) belong to G, up to the previous
transformation. As we may expect the set G is not reduced to functions satisfying 6. More precisely, we
prove (see below) that there exist functions g ∈ G satisfying g(−1) = g(1) = 0, g′(−1) = 2 = −g′(1) and
g ≤ gmax such that sup[−1,1] |g
′(x)| can be a large real number.
Claim 3.6. For any A > 0, there exists a smooth function gA on [0, 1] such that gA ∈ G and limA→∞ supx∈[0,1] |gA(x)| =
∞.
Proof. Let ρ be a non-zero, positive and smooth function on R with support in [1/4, 3/4] and bounded
from above by 1/8. Let A ≥ 1, one checks that ρ(A(x − 1/2) + 1/2) ≤ 1/2min(x, 1 − x), for any
x ∈ [0, 1]. It follows that ρ(A(x − 1/2) + 1/2) + 2x(1 − x) ≤ 2min(x, 1 − x) for any x ∈ [0, 1]. We set
gA(x) = 2x(1−x)+ρ(A(x−1/2)+1/2), for x ∈ [0, 1]. Then it is easy to see that gA is a smooth function
on [0, 1] and belongs to G. Let x0 ∈ [0, 1] is such that ρ
′(x0) 6= 0, and we set xA := 1/A(x0 − 1/2) + 1/2,
then g′A(xA) = 2− 4xA + 2Aρ
′(x0) ∼A→∞ A. Thus limA→∞ supx∈[0,1] |g
′
A(x)| =∞.
In the sequel, we keep the same notations as in Section (2).
Proposition 3.7. Let ω be a smooth and invariant Kähler form on P1 such that
∫
P1
ω = 1. We have
gω ∈ G.
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Proof. Recall that for any z ∈ C∗, ∂
2Ψω
∂z∂z (z) =
1
2e
2u ∂2Fω
∂u2 (u) =
1
2e
2Gω(x)gω(x) and Gω is finite over
]0, 1[. Then gω is positive on ]0, 1[. Moreover, since limx→0Gω(x) = +∞, then limx→0 e
2Gω(x)gω(x) =
2 ∂
2
∂z∂zΨ(0) =: lω which is finite and non-zero. Let ǫ ∈]0, 1/lω[, then there exists a positive real num-
ber η such that (1/l − ǫ) ≤ e−2Gω(x)gω(x) ≤ 1/l + ǫ for any x < η. It follows that (1/l − ǫ)x ≤
− 12
∫ x
0
e−2Gω(x)G′ω(x) ≤ (1/l + ǫ)x for any x ≤ η. Therefore
(1/lω − ǫ)2x ≤ e
−2Gω(x) ≤ (1/lω + ǫ)2x, x ≤ η. (7)
It follows that
lim
x→0
gω(x)
x
= lim
x→0
e−2Gω(x)
x
lim
x→0
e2Gω(x)gω(x) = 2.
We claim that gω(x)e
−2Gω(x) = lω + O(x) for 0 < x ≪ 1. Indeed, since
∂2Ψω
∂z∂z is an invariant smooth
function, then ∂
2Ψω
∂z∂z (z) = lω + O(|z|
2) in a small open neighborhood of z = 0. So, ∂
2Ψω
∂z∂z (e
−G(x)) =
lω
2 +O(e
−2Gω(x)) for 0 < x≪ 1. From (7), we deduce that ∂
2Ψω
∂z∂z (e
−2G(x)) = lω2 +O(x) for 0 < x≪ 1.
Therefore,
1
2
de−2Gω(x)
dx
= gω(x)e
−2Gω(x) =
1
lω
+O(x).
Then
e−2Gω(x) =
2
lω
x+O(x2) (8)
So,
gω(x) = e
−2Gω(x)(lω +O(x)) = 2x+O(x
2).
To conclude the proof of the theorem we need to prove the following
gω(x) = 2(1− x) +O((1 − x)
2) ∀ 0 < 1− x≪ 1. (9)
We consider the following biholomorphic map τ : P1 → P1, z → z−1. Then τ∗ω is smooth, Kähler and
invariant. We claim that
Fτ∗ω(−u) = −u+ Fω(u) ∀u ∈ R.
This is follows from the following equality over C∗ ‖x1‖ = |z|‖x0‖. Then, for any x ∈ [0, 1]
Fˇτ∗ω(x) = inf
u∈R
(xu− Fτ∗ω(u)) = inf
u∈R
(u(1− x)− Fω(u)) = Fˇω(1− x),
Thus
Gτ∗ω(x) = −Gω(1 − x), (10)
So gτ∗ω(x) = gω(1 − x). We conclude that the proof of (9) can be deduced from the first part of the
proof.
Theorem 3.8. For any g ∈ G, there exists a continuous, normalized and invariant volume form ω such
that gω = g.
Proof. Let g ∈ G and we set g := 1/g. By hypothesis we can find two positive constants k and k′ such
that
k ≤
g(x)
gcan(x)
=
gcan(x)
g(x)
≤ k′, x ∈ [0, 1]. (11)
We set
Gg(x) := −
∫ x
1/2
g(s)ds and Lg(x) :=
∫ x
1/2
Gg(s)ds, x ∈]0, 1[
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Since g is positive, then Lg is strictly concave on ]0, 1[. By (11) we can show that Lg is of Legendre type
1 on
]0, 1[. It follows that the function x→
∂Lg
∂x defines a C
1-diffeomorphism between ]0, 1[ and R. Moreover,
we can prove there exist two constants α, α′ such that α ≤ Lg(x) ≤ α
′, for any x ∈ [0, 1]. By the same
arguments as in Section (2), we show that the function Fg given on R by Fg(u) = infx∈[0,1](ux− Lg(x))
is of class C2 and
∂Fg
∂u is the inverse function of
∂Lg
∂x and satisfies
− α′ + F1,∞(u) ≤ Fg(u) ≤ −α+ F1,∞(u), u ∈ R. (12)
(For the definition of F1,∞ see (3)).
We consider the following differential form on C∗(≃ R×R/2πZ)
ωg := −
i
4π
∂2Fg
∂u2
e2udz ∧ dz.
Since
∂2Fg
∂u2 (u) = g(x) then ωg is positive on C
∗. By definition of g, we have g(x) = 2x + O(x2) for
0 < x≪ 1. Then −
∂2Fg
∂u2 (u) = 2
∂Fg
∂u +O((
∂Fg
∂u )
2) for u≫ 1. This gives two equalities
∂
∂u
(
e2u
∂Fg
∂u
)−1
= O(e−2u) and
∂
∂u
log |e2u
∂Fg
∂u
| = O(
∂Fg
∂u
), u≫ 1.
The first equality gives (e2u
∂Fg
∂u (u))
−1 − (e2v
∂Fg
∂u (v))
−1 = O(e−2u − e−2v) for u, v ≫ 1. This shows that
the following limit lg := − limu→∞(e
2u ∂Fg
∂u (u))
−1 exists and finite. The limit lg is necessarily non-zero.
Indeed, by the second equality we have e2u
∂Fg
∂u (u) ≤ e
2v ∂Fg
∂u (v)e
O(Fg(v)−Fg(u)) for u, v ≫ 1 and from (12),
the RHS of the previous inequality is bounded for fixed v and u≫ 1. Therefore,
−e2u
∂2Fg
∂u2
(u) =
2
lg
+ o(1), u≫ 1.
Then the form ωg extends to C.
Let g∗ be the function on [0, 1] given by
g∗(x) = g(1− x), x ∈ [0, 1].
Clearly g∗ ∈ G. We set g∗ = 1/g∗. We have Lg(x) = Lg∗(1− x) for any x ∈ [0, 1]. Then
−e2u
∂2Fg∗
∂u2
(u) =
2
lg∗
+ o(1), u≫ 1.
As before we can show that Fg∗(−u) = −u+ Fg(u), for any u ∈ R. We deduce that
−e−2u
∂2Fg
∂u2
(u) =
2
lg∗
+ o(1) (−u)≫ 1.
We conclude that ωg extends to a positive, invariant and continuous (1, 1)-form on P
1. We denote it also
by ωg. Finally, notice that
∫
P1
ωg =
∂Fg
∂u (−∞)−
∂Fg
∂u (+∞) = 1.
1 Let C ⊂ R an open convex set. A differentiable concave function f : C → R is of Legendre type if it is strictly concave
and limi→∞ |
∂f
∂u
(ui)| =∞ for every sequence (ui)i≥1 converging to a point in the boundary of C.
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Corollary 3.9. Let h be a continuous and invariant hermitian metric on O(m). Then the function hω
on [0, 1] given by
hω(x) = h(1, 1)(exp(−Gω(x))), x ∈ [0, 1],
is continuous on [0, 1], positive on [0, 1[ and the limit limx→1−
hω(x)
(1−x)m exists, finite and non-zero. More-
over, any continuous function h verifying the previous conditions, defines a continuous and invariant
hermitian metric on O(m).
Proof. Let h be a continuous and invariant hermitian metric on O(m). There exists a continuous and
invariant function f on P1 such that h = efhm,∞. Then it suffices to prove the corollary for the metric
hm,∞. We have hm,∞(x) = min(1, e
2mGω(x)) for any x ∈ [0, 1]. Clearly hm,∞ is continuous on ]0, 1[. By
(8) and (10), we deduce that hm,∞(x) = 1 for 0 < x≪ 1 and hm,∞(x) =
2m
lmω
(1 − x)m +O((1 − x)m+1).
Now, let h be a continuous function on [0, 1], positive on [0, 1[ and such that the limit limx→1−
hω(x)
(1−x)m
exists, finite and non-zero. The function x→ h(x)
hm,∞(x)
is continuous and positive on [0, 1]. Thus it extends
to a continuous, positive and invariant function on P1. Therefore, h defines a continuous hermitian metric
on O(m).
4 The invariant spectrum of the Laplacian
Let m ∈ N. Let A(0,0)(P1,O(m)) be the space of smooth functions on P1 with coefficients in O(m). Let
ω be a smooth, invariant and normalized Kähler form on P1 and h an invariant smooth hermitian metric
on O(m). The metrics ω and h induce a L2-scalar product (, )ω,h on A
(0,0)(P1,O(m)) given as follows
(s, t)ω,h =
∫
x∈P1
h(s(x), t(x))ω(x),
for s, t ∈ A(0,0)(P1,O(m)). The Cauchy-Riemann operator ∂O(m) : A
(0,0)(P1,O(m))→ A(0,1)(P1,O(m))
has an adjoint for the L2-scalar product, i.e there is a map ∂
∗
O(m) : A
(0,1)(P1,O(m))→ A(0,0)(P1,O(m))
such that (s, ∂
∗
O(m)t)ω,h = (∂O(m)s, t)ω,h for any s ∈ A
(0,0)(P1,O(m)) and t ∈ A(0,1)(P1,O(m)). The
operator ∆ω,h := ∂
∗
O(m)∂O(m) acting on A
(0,0)(P1,O(m)) is called the Laplacian operator. We denote
by H2 the completion of A
(0,0)(P1,O(m)) with respect to the norm ‖ · ‖2 defined as follows
‖s‖22 =
∫
P1
h(s, s)ω +
i
2π
∫
P1
h(
∂s
∂z
,
∂s
∂z
)dz ∧ dz,
for any s ∈ A(0,0)(P1,O(m)). It is well known that ∆ω,h admits a maximal and positive self adjoint
extension to H2 and has a discrete, infinite and positive spectrum.
In [9], we associated to the metrics ωcan and hm,∞ a singular Laplacian operator ∆O(m)
∞
which
extends the definition of the classical one, and we showed that this operator has the same properties as
in the classical situation. More precisely, we established that ∆O(m)
∞
admits a maximal positive and
self-adjoint extension to H2 see [9, Theorem 1.3] and has a discrete, infinite and positive spectrum [9,
Theorem 1.4]. Moreover, we computed it explicitly.
Remark 4.1. Following the notations in this article, we set ∆ωcan,hm,∞ := 2∆O(m)
∞
. The factor 2 is
added here since the volume form was not normalized in [9].
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Let n ∈ Z and Jn the Bessel function of order n. We consider the function Lm,n defined on C
∗ as
follows:
Lm,n(z) = −z
m d
dz
(
z−mJn(z)Jn−m(z)
)
, z ∈ C∗.
We have
Theorem 4.2. For any m ∈ N, ∆ωcan,hm,∞ admits a discrete, positive and infinite spectrum, and
Spec(∆ωcan,hm,∞) =
{
0
}⋃{λ2
2
∣∣∣∃n ∈ N, Lm,n(λ) = 0}.
If we denote by 0 < λ1(ωcan, hm,∞) < λ2(ωcan, hm,∞) < . . . the invariant eigenvalues of ∆ωcan,hm,∞ .
Then the set of invariant eigenvalues of ∆ωcan,hm,∞ is equal to
{
λ2
2 |Lm,0(λ) = 0
}
.
Proof. See [9, Theorem 1.4].
Since O(m) is endowed with its global sections, then an element ξ ∈ A(0,0)(P1,O(m)) can be written
in the following form f ⊗ 1 where f =
∑m
j=0 fjz
j and fj are smooth functions on P
1. It follows that an
invariant element in A(0,0)(P1,O(m)) corresponds to a smooth function f of the previous form invariant
under the action of S1. To this function f we associate a smooth function φf on ]0, 1[ as follows φf (x) =
f(exp(−G(x))), for any x ∈]0, 1[. We set
h(x) := h(1, 1)(exp(−Gω(x))), x ∈]0, 1[,
and we consider the following norm on C∞(]0, 1[)
‖ϕ‖22 =
∫ 1
0
hω(x)ϕ(x)
2dx+
∫ 1
0
hω(x)|ϕ
′(x)|2gω(x)dx, ϕ ∈ C
∞(]0, 1[).
One checks easily that ‖φf‖2 = ‖f ⊗ 1‖2. We set Kω,h = {ϕ ∈ C
∞(]0, 1[)| ‖ϕ‖2 <∞} and we denote by
H02 the completion of Kω,h with respect to ‖ · ‖2. This completion doesn’t depend on the choice of the
metrics, since it is the restriction of ‖ · ‖2 to the space of invariant elements in H2 which doesn’t depend
on ω and on h.
We denote by Rω,h the following functional
Rω,h(ϕ) :=
∫ 1
0 hω(x)gω(x)|ϕ
′(x)|2dx∫ 1
0
hω(x)ϕ(x)2dx
, ϕ ∈ Kω,h \ {0}.
We denote by 0 = λ0(ω, h) < λ1(ω, h) < λ1(ω, h) . . . the invariant eigenvalues of ∆ω,h then by the
Min-Max principle,
λj(ω, h) = inf
ϕ∈Kω,h,j\{0}
Rω,h(ϕ), j = 1, 2, . . .
whereKω,h,j is the orthogonal to the subspace of H
0
2 spanned by the eigenfunctions associated to λk(ω, h)
for k = 0, . . . , j − 1.
Theorem 4.3. Suppose that 1 < hω
hm,∞
< gcangω
. Then
λj(ω, h) ≤ λj(ωcan, hm,∞), j = 1, 2, . . .
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Proof. Suppose that 1 < h
hm,∞
< gcangω
. Then,
Rω,h(ϕ) ≤
∫ 1
0 hm,∞(x)gcan(x)|ϕ
′(x)|2dx∫ 1
0
hm,∞(x)ϕ(x)2dx
, ϕ ∈ Kω,h \ {0}.
Notice that
Rωcan,hm,∞(ϕ) =
∫ 1
0
hm,∞(x)gcan(x)|ϕ
′(x)|2dx∫ 1
0 hm,∞(x)ϕ(x)
2dx
, ϕ ∈ Kω,h\{0} (see the notations of Example 3.3, (4) and (5)).
By the monotonicity principle and Theorem 4.2, we obtain
λj(ω, h) ≤ λj(ωcan, hm,∞), j = 1, 2, . . .
In particular, when m = 0 and h = h0,∞ is the constant metric on O, Theorem 4.3 becomes
λj(ω, h) ≤ λj(ωcan, h0,∞) =: λ(ωcan), j = 1, 2, . . .
and since {λk(ωcan, h0,∞), k ∈ N≥1} = {
α2
2 |J0(α)J
′
0(α) = 0}, then we recover the result of [1, theorem
2].
4.1 Large first invariant eigenvalue
In this paragraph, we show that Theorem 4.3 does not hold if hω and gω do not satisfy the condition of
the theorem. More precisely, we construct (ωµ)µ≥0 (resp. (hωµ)µ≥0) a sequence of smooth normalized
volume forms (resp. smooth metrics) on P1 (resp. on O(m)) such that
lim
µ→∞
sup
x∈[0,1]
gωµhωµ
gcanh∞,m
=∞, and lim
µ→∞
λ1(ωµ, hωµ) =∞.
The following construction is a slight generalization of the construction in [1, Paragraph 3.1]. Let
µ ∈ R+, we set gµ(x) := 2x(1−x)(1+4µx(1−x)) for any x ∈ [0, 1]. Then gµ defines a smooth normalized
volume form on P1 denoted ωµ, see the construction of this article or [1, Paragraph 3.1]. By Corollary 3.9,
there exists hωµ , a smooth and invariant metric on O(m) such that hωµ(x) := hωµ(1, 1)(exp(−Gωµ(x)) =
(1− x)m for any x ∈ [0, 1]. We check easily that 12m (1 + µ) ≤ supx∈[0,1]
gωµhωµ
gcanh∞,m
. Thus,
lim
µ→∞
sup
x∈[0,1]
gωµhωµ
gcanh∞,m
=∞. (13)
We have
Rωµ,hωµ (ϕ) =
2
∫ 1
0
(1− x)mx(1 − x)(1 + 4µx(1− x))|ϕ′(x)|2dx∫ 1
0 (1− x)
m|ϕ(x)|2dx
, ϕ ∈ Kωµ,hµ \ {0}.
This gives,
Rωµ,hωµ (ϕ) ≥ 8µ
∫ 1
0 (1− x)
mx2(1− x)2|ϕ′(x)|2dx∫ 1
0
(1− x)m|ϕ(x)|2dx
, ϕ ∈ Kωµ,hωµ \ {0} (14)
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Then,
λ1(ωµ, hωµ) ≥ 8µ inf
ϕ∈Kωµ,hωµ ,1
∫ 1
0
(1− x)mx2(1− x)2|ϕ′(x)|2dx∫ 1
0 (1− x)
m|ϕ(x)|2dx
. (15)
We claim that inf
ϕ∈K
ωµ,hωµ
,1
2
∫ 1
0
(1−x)mx2(1−x)2|ϕ′(x)|2dx
∫ 1
0
(1−x)m|ϕ(x)|2dx
6= 0, this will imply that λ1(ωµ, hωµ) → ∞ as
µ→∞. Let us prove that
inf
ϕ∈K
ωµ,hωµ
,1
2
∫ 1
0 (1 − x)
mx2(1− x)2|ϕ′(x)|2dx∫ 1
0
(1− x)m|ϕ(x)|2dx
6= 0. (16)
First, we prove the following
Lemma 4.4. Let ψ ∈ C∞([0, 1]) with ψ(0) = 0. We have
∫ 1
0
(1− x)m(1− x2)2|ψ′(x)|2dx ≥ (m+ 1)
∫ 1
0
(1− x)m|ψ(x)|2dx.
Proof. From
0 ≤
∫ 1
0
(
−
ψ(x)
x
+ (1− x2)ψ′(x)
)2
(1− x)mdx,
and integrating by parts we obtain∫ 1
0
(1− x)m(1− x2)2|ψ′(x)|2dx ≥
∫ 1
0
(1 − x)m|ψ(x)|2
(
1 +m+
m
x
)
dx ≥ (m+ 1)
∫ 1
0
(1− x)m|ψ(x)|2dx.
Corollary 4.5. There exists a constant M > 0, such that for any ϕ a smooth function in Kωµ,hµ,1, we
have
2
∫ 1
0
(1− x)mx2(1− x)2|ϕ′(x)|2dx ≥M
∫ 1
0
(1− x)m|ϕ(x)|2dx. (17)
Proof. Let ϕ be a smooth function in Kωµ,hµ,1. We have
∫ 1
0
hωµ(x)ϕ(x)dx =
∫ 1
0
(1− x)mϕ(x)dx = 0. We
set ψ(x) := ϕ(x+12 ) for any x ∈ [−1, 1]. Clearly,
∫ 1
−1(1 − x)
mψ(x)dx = 0. We have
∫ 0
−1
(1− x)m(1− x2)2
∣∣[ψ(x)− ψ(0)]′∣∣2dx ≥ ∫ 0
−1
(1 − x2)2
∣∣[ψ(x)− ψ(0)]′∣∣2dx ≥ C ∫ 0
−1
∣∣ψ(x) − ψ(0)∣∣2dx,
where the last inequality follows from [1, Lemma 3.1]. Thus,
∫ 0
−1
(1− x)m(1− x2)2
∣∣[ψ(x) − ψ(0)]′∣∣2dx ≥ C
2m
∫ 0
−1
(1− x)m
∣∣ψ(x)− ψ(0)∣∣2dx, (18)
On other hand, we have by Lemma 4.4
∫ 1
0
(1− x)m(1− x2)2|[ψ(x) − ψ(0)]′|2dx ≥ (m+ 1)
∫ 1
0
(1− x)m
∣∣ψ(x)− ψ(0)∣∣2dx (19)
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We let M ′ := min( C2m ,m+ 1). From (18) and (19), we obtain∫ 1
−1
(1− x)m(1− x2)2|ψ′(x)|2dx ≥M ′
∫ 1
−1
(1− x)m
∣∣ψ(x)− ψ(0)∣∣2dx
=M ′
∫ 1
−1
(1− x)m|ψ(x)|2dx−M ′ψ(0)
∫ 1
−1
(1− x)mψ(x)dx
+M ′ψ(0)2
∫ 1
−1
(1− x)mdx
≥M ′
∫ 1
−1
(1− x)m|ψ(x)|2dx.
Since ψ(x) = ϕ(x+12 ) for any x ∈ [−1, 1], we deduce (17) and then (16).
References
[1] Miguel Abreu and Pedro Freitas. On the invariant spectrum of S1-invariant metrics on S2. Proc.
London Math. Soc. (3), 84(1):213–230, 2002.
[2] Nicole Berline, Ezra Getzler, and Michèle Vergne. Heat kernels and Dirac operators. Grundlehren
Text Editions. Springer-Verlag, Berlin, 2004. Corrected reprint of the 1992 original.
[3] José Ignacio Burgos Gil, Patrice Philippon, and Martín Sombra. Arithmetic geometry of toric
varieties. Metrics, measures and heights. arXiv.org, arXiv:1105.5584v1 [math.AG], Mai 2011.
[4] Bruno Colbois, Emily B. Dryden, and Ahmad El Soufi. Extremal G-invariant eigenvalues of the
Laplacian of G-invariant metrics. Math. Z., 258(1):29–41, 2008.
[5] Victor Guillemin. Kaehler structures on toric varieties. J. Differential Geom., 40(2):285–309, 1994.
[6] Victor Guillemin. Moment maps and combinatorial invariants of Hamiltonian T n-spaces, volume
122 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 1994.
[7] Mounir Hajli. Sur la théorie spectrale des métriques intégrables sur une surface de Riemann com-
pacte. arXiv.org, arXiv:1301.3051 [math.DG], January 2013.
[8] Mounir Hajli. The spectral theory of generalized Laplacians associated to integrable metrics on
compact Riemann surfaces. arXiv.org, arXiv:1301.1793 [math.SP], January 2013.
[9] Mounir Hajli. Spectre du Laplacien singulier associé aux métriques canoniques sur P1 et la théorie
des séries de fourier-bessel généralisée. Journal de Mathématiques Pures et Appliquées, 2014, DOI:
10.1016/j.matpur.2014.04.010.
[10] Joseph Hersch. Quatre propriétés isopérimétriques de membranes sphériques homogènes. C. R.
Acad. Sci. Paris Sér. A-B, 270:A1645–A1648, 1970.
[11] Vincent Maillot. Géométrie d’Arakelov des variétés toriques et fibrés en droites intégrables. Mém.
Soc. Math. Fr. (N.S.), 80:vi+129, 2000.
13
